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ON THE VARIANCES OF OCCUPATION TIMES
OF CONDITIONED BROWNIAN MOTION

BIAO ZHANG

ABSTRACT. We extend some bounds on the variance of the lifetime of two—
dimensional Brownian motion, conditioned to exit a planar domain at a given
point, to certain domains in higher dimensions. We also give a short “analytic”
proof of some existing results.

1. INTRODUCTION

This paper studies questions related to the variance of the lifetime of certain
h-processes. Our estimates are related to a result of B. Davis, stated below (The-
orem 1.1), and in fact we give a short, “analytic” proof of this result. h-processes
are intimately connected with many aspects of partial differential equations and
harmonic analysis, and in particular variance estimates have recently been used to
study intrinsic ultracontractivity, in [1] and [4].

If A is a Borel subset of R%,d > 2, the Lebesgue measure, closure, complement,
and Euclidean boundary of A are respectively denoted by |A|, A, A¢, and JA. Let
D be a domain of R, which has a Green function, let P, and E, be probability and
expectation of standard d-dimensional Brownian motion started at z, and let PY
and EY denote the probability and expectation of this motion either conditioned
to exit D\ {y} at y, if y € D, or conditioned to exit D at the point y in its
minimal Martin boundary A, if y € A. Formally, these are the h-processes with
h respectively the Green function of D, denoted by G(-,y), or the Martin kernel
function of D, denoted by K(-,y). These are the basic h-processes in the sense
that all the other h-processes are mixtures of them, see [3] as a reference. We will
discuss h-processes in more detail later. We use 7p to designate the first exit time
of a process from D, and often shorten 7p to 7. Positive constants ¢, C, cpr, Cyr
may depend on the dimension and are not necessarily the same at each occurrence.
The letters x and y are used to designate respectively the starting and exit points
of motions.

By a cube Q of R%,d > 2, we always mean a closed cube. A Whitney decompo-
sition of D, denoted by W (D) = {Q;}:>0, is a collection of closed cubes in D with
disjoint interiors, with union D, satisfying, for all 7,

d(Q;,0D)
1< o) < 4V/2.
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See [10] for a proof that all domains have a Whitney decomposition. Here £(Q;)
is the side length of @Q; and d(-,-) is the Euclidean distance between points, sets,
or points and sets. The Whitney decomposition gives rise to a quasi-hyperbolic
distance in D in the following way. Fix Q,Q" € W(D). We say that Q = Qo —
Q1 — ... = Qn = Q' is a Whitney chain connecting ) and Q' of length m if
Q; € W(D) for all i and if Q;—1 NQ; # &, 1 < i < m. Define the Whitney
distance pp(Q,Q"), or briefly p(Q,Q’), to be the length of the shortest Whitney
chain connecting @ and Q’. See [8] for a reference. If Q € W(D), we denote
fOT I(Z, € Q)dt, the total time Z; spends in @, by Tg, and let Py = PY(7ge < T)
stand for the probability Z; ever hits @), where 7g is the first time Z; hits Q.
By cov(Ty,,Tq,;) = cov¥(Tq,,Tp,;) we mean the covariance of Tg, and T, with
respect to PY. The following result is due to Burgess Davis [3].

Theorem 1.1. If Q and R are Whitney cubes of a Whitney decomposition of a
simply connected planar domain D, then if x € D and y € A,

|cov(Tq, Tr)| < Ce™ PR |Q||R|(Py + Pr).

Davis’ proof of this theorem has a substantial probabilistic component and is
somewhat involved. Here we first prove the following formula for cov(Tg,Tr) in
terms of K and G, for y € A. Let @ and R be subdomains of D which have disjoint
interiors. Then

(1.1)
WW%J%%:inG@M{ﬂ%ﬂ§8§§+aa®§gzﬂ
K(g:y)K(r,y)

dqd
K(r,9) }q“
reD, yeA.

— G(z,7)G(z,q)

We use this formula to prove Theorem 1.1 as well as the following theorem, for
domains in R4, d > 2, of the form

D=D;={x=(z1,... ,xq):xa > f(x1,... ,Ta-1)},

where f is a Lipschitz function on R?~!. We let M (f) = M stand for the Lipschitz
constant of f.

Theorem 1.2. If Q and R are Whitney cubes of D = Dy with disjoint interiors,
then
|cov(Tg, Tr)| < C’Me_CM"(Q’R)|Q|2/d|R|2/d(PQ + Pg).

Clearly, Theorem 1.1 can be used in some cases to bound the variance of > T, =
Jo I1(Zs € \UTs)ds, using the formula,

V&I’(Z Tr,) = Z var Tr, + Z cov (Tr,, Tr,),
i#£]
where I'; are Whitney cubes with disjoint interiors. See [1], [3], and [4] for exam-
ples. Theorem 1.2 can be similarly employed. Our proofs, unchanged, prove the
analogous theorems about Brownian motion conditioned to exit a domain minus a
point at that point. See [3] for a description of these processes. We then indicate
in a brief paragraph how this proof can be modified to prove Theorem 1.1. See [7]
for a proof that the Martin boundary of Dy is the Euclidean boundary of Dy.
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2. COVARIANCE FORMULA

In this section, (1.1) and some lemmas will be proved. The o—fields of a process
Zy, t >0, are denoted by F(u) = 0(Zs,s < u). If g is a positive harmonic function
on T, a domain of R%, d > 2, then the h-process in I" associated with g is determined
by the following transition density function:

9(y)
(2.1) pi(z,y) = ==% pe(z, y).
' 9(@)
The corresponding probability and expectation are denoted by P¢ and EY respec-
tively. See [6] for more information on h-processes. Here we recall that an h-process
is a strong Markov process with continuous paths up to its lifetime m, and if n is
a stopping time of this process and A € F(n), then

(2.2) PI(AN{n <)) = /Am{ ) }g;(Zw”)> dP,.

We define, for any real number a,

Dy = {|zs] <2%, 1<i<d}ND and
Lo ={|z;| =2%, 1<i<d}nD.

And we always assume that 0 € D which is the center of our “rectangles” D,. It
is easy to see that all D, are simply connected Lipschitz domains with Lipschitz
constants that can be bounded by a number that depends only on M > 0, the
Lipschitz constant of f, that will be denoted by M again. Let 7, = inf{t: Z; € L,}
be the first time Z; hits L,. By cov(Tg,Tr) we mean the covariance of Ty and
T'r with respect to PJ.

Theorem 2.1. Let g be a positive harmonic function on a Greenian domain I' C
R?, d > 2, and Q and R be subdomains of I having disjoint interiors, then

cout (T, Tr) = /Q /R {Gp(q,r) {Gr(l’,r)z((z; +Gr(x,Q)§((;”

—Gr(z,r)Gr(z,q) M }dqdr.

Proof. By (2.1),

o
EITq = Egg/ 1(Z; € Q)dt

0
= / / P (x, q)dqdt
o Jg

e 9@)
= | Grw 0%l

Similarly,
EITr =/ Gr(z,r) L ar.
R 9
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Since
N T
EITQTR = Eg/ / 1(Z, € Q)I(Zs € R) dtds
o Jo

:/ / PIZy€Q,Zs € Rt <71r,s <) dsdt
0

~ ([ | [ it aydaar] asa
* / / ., { / / pf(x,q)pi_t(q,r)dqdr] dsdt
LT el
LI to]enapon

/ Gprq%c:p( );;dqd

//qu, 92 r( >%dqdr

:/Q/RGp(qm) [GF(%?‘)%-FGF(%Q)%] dqdr,

ﬁ

the theorem follows easily from
covd(To, Tr) = E4TQTR — BEIToEIT.
O

Taking g(x) = K(z,y) in Theorem 2.1, for y € A, gives (1.1).

We employ the boundary Harnack principle for Lipschitz domains in the proof
of the next lemma. See Jerison and Kenig [9] for a statement of this principle. We
will use not only this principle but also the following consequence. We let xg be

1

the reference point of our kernel functions such that d(zo,0Dy) > 7.

Lemma 2.0. Let u and v be positive and harmonic functions in Ds. Suppose there
are positive constants ¢ and C such that

c< M < C,
v(r)
where 1 is the point of dDq directly above y. Suppose that u and v have boundary
limits 0 at each point of 0Dy NODy except y. Then there are constants cyr and Cy
which depend only on ¢, C, and M, such that

u\z
(2.3) cm < % < O, z € 0Dy \ (9Df.

Proof. For points z not too close to D, we use the Harnack inequality. The truth
of (2.3) for these points, together with the boundary Harnack principle, gives its
truth for all z € 9D, \ dDy. O
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Lemma 2.1. There exists an integer ng = no(M), such that
(i) for any x and y inside Ly and for any positive integer m, we have

1

P (T < 7) < Tk

(ii) for x and y outside Lyp,, we have

1
PY(rog < 7)< o

Proof. Proof of (i):
It is enough to show that there exists an integer ng = ng(M) such that

(2.4) PY(1,, < 1) < =, for any x and y inside Ly,

N | =

since the general case follows from this by iteration and scaling.
Let K5 be the kernel for Dy. We have by Lemma 2.0, with

KQ(:L'?'Z) K(‘T?y)
wu(x) = and v = ,
( ) KQ(TVZ) ( ) K(Tay)
where z is a fixed point of Lo, that
1 Ka(z,2)  Ka(r,z) Ky(z, 2)
2.5 — < <M ,o € 0D\ 0D;.
(25) M Koy = King) = Riey) 1\ 0Dy

Furthermore, if w, denotes harmonic measure on 0Dy with respect to Do and if
x € 0D1\ 0Dy and j > 2, Lemma 2.0 gives

: Lo K(zy)
PY( ever hit L;) = / PY( ever hit L;
( i) . ( J)K(%y)

= / PY( ever hit L;)K(z,y)
Lo

dw,(2)

Ky(z, 2) o (5
K(ZZ?,y)d wo( )

. KQ(T7'Z>
<M PY( ever hit L;)K(z,y
L2 ( J) ( >K(T7y)

L K(zy)
<M | PY(everhit L; dw,(z
—= Lo ( .7)[{(7,7 y> ( )

(2.6) = MPY( ever hit L;).

dwz, (2)

Furthermore, we note that (2.6) for x € 9D, \ 0Dy implies (2.6) for x € Dy, by a
simple conditioning argument. Thus, to prove (i), it suffices to show that (i) holds
for z = r. We claim

(2.7) <M, z € 0Dy \ 0Dy.
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This follows from Lemma 2.0 applied to u(z) = % ( note K(r,y) < MK (zo,y)
by the Harnack inequality), and the function v(z) = P, (Brof € 0Df \ 0D3). It is

easy to show v(r) > 57 > 0. Now (2.7) implies

K(z,y)
K(r,y)

(2.8) <M, if z€ Dy \ Dy,

and it is easily shown that w/(L;) < 64", where #; < 1 and w/ is the harmonic
measure on 0D; with respect to Dj, (see Davis and Zhang [5] e.g.) since this is
easily shown if Dy is a cone with vertex y. Thus

: K(zy) , ;
PY( ever hit L;) < / L dwl (=
( J) Lj K(T7 y) ( )
< Moy,

which implies (i) for z = r.
Proof of (ii):
By scaling, it is equivalent to show that, for x and y outside Ly,
1
Pwy(T—mno < 7') S 2_m
We can use the same argument as that of the proof of (i) to show this. O

The two-dimensional case of the following lemma is due to Burgess Davis [3],
see also M. Cranston [2]. Here we only sketch an “analytic” proof for dimensions
three and higher.

Lemma 2.2. Let ' be a domain of R?, d > 2, and Q be a Whitney cube of T, then
c|Q*/"Pq < EYTq < C|QI*Fq.
Proof. For z € @, Harnack’s inequality applied to K (-,y) implies that
Kr(q,y)
EYT =/ Gr(z,q)——= dq

SC/ Gr(z,q)dq
Q

1

cof L

B(2,V/d¢(Q)) |z —q
<P,

dq

where B(z,r) is the ball of radius r centered at z. Thus, using the strong Markov
property at the time @ is hit, we get

EYTq < C|QI* Py
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If we let AQ be the scaling of @ by A with respect to the center of @, and let

P?Q and E?@ stand for probability and expectation of Brownian motion killed at
0(2Q), since Gag < Gr, we obtain, for z € 9Q),

E{To > C/ G2q(2, q)dq
Q
= cE??T,.
Since PfQ(T(%Q)C < T20)¢) > ¢ >0, if z € 0Q,

E°Tg >c¢ inf {E29Tp)

€9(3Q)
>c inf {E297p, 1
ze o B Tsw )
> Q[

Again, the strong Markov property at the time @ is hit implies that
EYTq, > o QP

d

Let @ and R be two Whitney cubes of D and let A > 0. By scaling, if we
use A\Q;, i > 0, to partition AD, where Q;, i > 0, partition D and AD is the
usual scaling D by A, we have pxp(AQ, \R) = pp(Q, R) and covf\z(TAQ,TAR) =
Mcov¥(Tg, Tr). Thus we may and do assume from now on by scaling again, without
loss of generality, that £(R) > ¢(Q) = +;, where 7; is a small positive constant
depending only on M, and that d(Q,dD) = cpd(Q, qo), where cpr > 0 and depends
only on M and g9 € 0D, just below the center of (). Again, we may assume that
go = 0. Otherwise, we will let our “rectangles” L, be centered at go.

Lemma 2.3. There exists a positive constant Cyy such that if p(Q, R) > Cak, for
a positive integer k, then
d(Q,R) > 219,

Proof. If d(Q,R) < 2'%% then it is not hard to show that there exists a Whitney
chain connecting @ and R of length less than Cjsk, for some Cj; > 0, all cubes
of which lie in two cones of D containing ) and R respectively, with vertices at
the boundary of D, and with apertures 6y, > 0. It is not hard to argue that the
natural chain thus constructed has at most Cark cubes, so that p(Q, R) < Cyk.O

We set L), = Lngya, D)y = Dpya- Now by the assumptions on Q that £(Q) = 7
and d(Q,0D) = cpd(Q,0), we know that @ is inside L%, and it follows immediately
from this lemma that if p(Q, R) > Cuk, for a large positive integer k and some
constant C'y; being the product of the constant of Lemma 2.3 and ng, then R is
outside Ly,. For any x € D and y € 9D fixed, it is easy to see that there is a
number s > 0 such that @ is inside L} and R is outside L ., , and furthermore
neither = nor y belongs to that part of D lying between L/, and L'SO 4ok By scaling,

we may assume that sp = 0. The following lemma comes from [9].
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Lemma 2.4. Let 6 > 2, p be a positive finite measure on a set S, and 0 be a

measurable function on S such that 0 < a < 0 < A. If we denote
B(0) = sup {/Sﬂ(s)W(s)du(s)/[sW(s)du(s):é‘l <W < 5} ,
b(9) = inf{/Sﬂ(s)W(s)du(s)/AW(s)du(s):é‘l <W < 5},

B(9) 1.5 A
thenm—lg(l—ié )(E—l).

Let Qj = Dy, 85 = Ly, for j =1,2,... k. Let K’ and w; be respectively
the Martin kernel function and harmonic measure for §2; at the fixed reference point
2o in Dg. Then we have the following lemma. As earlier, we sometimes use M to

stand for any constant depending only on the Lipschitz constant M of f.

Lemma 2.5. For any j € {1,2,... ,k}, any x € Qj41, and any z,Z € S;, we have

J
pt < @2
Ki(x, %)
Proof. First for z,Z € S; such that d(z,2) < d(z, z), by Theorem 5.20 of [9],
have )
J
pt < @2
Ki(x,z)

Now there is an absolute constant IV such that there are N points z; = z, zo, ...
zn = Z of S; and for each pair z;, z;11 we have d(z;, zi41) < d(z,2), i =1,2,...

N — 1, therefore

K i
vt Kmz) s N
Ki(x, zi41)
Thus
K'(x,2) Pl K (x,z)
MV <0 = T < MY,
Kj(xaz) . Kj(xvzz—i-l)

Denote M by M again, since it only depends on M. We are done.

we

O

Lemma 2.6. There exists a positive constant 1 = np < 1 such that for any
x,q inside Lo and y € 0D, y,r outside L}, if we let H(x,z) = Hy(z,z) =

G(z, z)ﬁg;zg, z € D, then we have

‘ H(z,r)
H(q,7)

—1‘<C-nk.

Proof. For any j € {1,2,... ,k}, let Z € S; be fixed and for any z € S, we define

W) = () = )
0(z) = ZEZ’;, and
() = K ()i (2).
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Now the boundary Harnack principle [9] implies that
M~ <0(z) < M, forzeS;.

Lemma 2.5 tells us that M ~! < W(z) < M, for z € S;. Since G, K are harmonic,
we have

G(z,r) = /S KJ(z,2)G(z,r)dw;j(2) and

K(z,y) = /S Kj(x,z)K(z,y)dwj(z).

Thus,
Hier)  fs, W(E0()dn(2)
H(g,r) — [s, W(2)du(2)
If we let
bj =inf{0(z):z € §;} and
B; =sup{6(z):z € S},
then
) R e N
j+1 > in fsj Fauts) <F<
and
0(2)F(2)du(z
Bji1 < sup{fsffsj F(z)du(Z) ):M‘l <F< M} :

Lemma 2.4 implies that

B; 1
L (1 M) )
bj+1 b
Thus,
B

1 _
1< C?(1 = M2,
b 1‘0(1 4]\/.f )

J

Let ny = 1 — M 2. We have, by the maximal principle,

H(z,r) ‘ < .
— -1 <C-, forze;, j=1,... k.
‘H(q,ﬂ =0 o
Therefore (
HJ?,’I”) ' k
—1| < C - n".
'H<q,r> =0
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3. COVARIANCE ESTIMATES
The following proposition essentially handles the case where p(Q, R) is small.

Proposition 3.1. If Q and R are Whitney cubes of D with disjoint interiors, then
(3.1) |cov(Ta, Tw)| < CIQP/|RE/4(Py + Pr).

_ , xTK(q,y) .
I—ALG@XXJKWMM%
(r,)

Proof. If we let

= G (x K(ry r
1= [ | canc g du
and III—/ / G(z,q)G(z,r K(zéz(Ja)c,Ky() y) dqdr,

then (1.1) implies that
cov(Tg,Tgr)=I+II—-1III.
Together with the fact that Pr-max,cr PY(Q) < CPg, Lemma 2.2 implies that

1= J ok S0k )

< C| R Pr(max PY(Q)|QI*)

< C|QI*’*|R|*¥*(Pg + Pr),

1= [ GG et (f Gon g ar) a

< C|Q[*/*Py(max PY(R)|R|*/)
qeQ

< CIQI¥|RI**(Pg + Pr),

K(q,y) / K(r,y)
I = | G(x, d G(x,r dr
< ClQP'*|R[Py - Pr
< ClQPP/|R|**(Pg + Pg).

Therefore, |cov(Tq, Tr)| < C|Q|*/4|R|*/*(Pg + Pgr). O
If @ and R have common interiors, then @ = R for @, R € W (D). The proof
of Proposition 3.1 implies that EYT¢) < Co(|Q|?/4)P - Py, for p > 0.
For p = 2, we have EYT3 < C(|Q|*/*)*- P, so
lcov(Tq, To)| < (EXTH) + (EYTq)?
< ClQP-1QP(Pg + Pg)
=C(Q*) - P

With the following proposition that essentially handles the case where p(Q, R)
is large, we can complete the proof of Theorem 1.2.

and
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Proposition 3.2. If Q and R are Whitney cubes of D with disjoint interiors,
satisfying p(@Q, R) > Chr-m, where Cyy is the constant in Lemma 2.3 times ng and
m is a large integer, then

|cov(Tq, Tr)| < CMe_CM”(Q’R)|Q|2/d|R|2/d(PQ + Pg).

Proof. Using the same ideas that inspired the comments just after the proof of
Lemma 2.3, we assume without loss of generality that  and @ are both inside Lg
and R is outside Lf,,, and that either: (i) y is outside Lj,,, or (ii) y is inside Lo.

First we assume that y is outside Lf,,. Harnack’s inequality and Lemma 2.1
imply that max PY(Q) < en™

_ K(r,y) K(q,y)

1= [ oengy (/ @) K y) dq) ar
< [ ctan lf((;”iz))( QI1PHQ)) dr
< CR[*/Pp - |Q* " max PY(Q)

< Cn™|QI**|R|I¥“(Pg + Pr),

and
- f ot 8 [ 58 2]
=\ [, fowor i e g 7 ) o

K
SCnm/ G(:c,r) nY d /Gx q) q,y) dq
R

<on™- |Q|2/d|RI2/dPQ 'PR
< Cye= P QB|Q2/4 RIY/4(Py + Pr).

The first inequality comes from Lemma 2.6 and the second from Lemma 2.2. There-
fore, by (1.1),

lcov(Tg, Tr)| < Cpre=uP(QR) Q24| R12/4(Py 4 Pp).

Next we assume y is inside Lg. This case is relatively easy to prove. The strong
Markov property implies that

EYToTR < E;/(EgTQCTQTRI(TQC <7))
+ E3[Tr(Ey,  To)l(To: <))
< ClQP/MIRP - max PY(R) - P

+ ClQI R/ \/Pr - Py

< C(yn)™QI* | RI**(Pg + Pr)
< e~ Omr@B|Q2/4| R/4(Pg + Pg),
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the second inequality comes from the Schwartz inequality and (3.1). Therefore,
|cov(T, Tr)| < EYTQEITR + EYTQTR
< Cye” P @RIQPI R/ (P + Pr).
O

This completes the proof of Theorem 2.1. Finally, we sketch an analytic proof of
Theorem 1.1. Note that covariance formula (1.1) is true for any Greenian domain
of any dimension. If ¢ is a conformal mapping from a simply connected planar

domain D to the strip
T

™
S=( 5 <Im(z) < 2)
and (z) = e*+i% conformally maps the strip to the upper-half plane R%, we let
O =1(p), ¥ =01 and w' = ®(w). If p(Q,R) > cm, where c is an absolute
constant that is bigger than cg, the constant in Davis’ Lemma 4.2 of [3], and m is
an integer, then, together with this lemma, scaling implies that ®(Q) is in Ly and
®(R) is outside Ls,, and that furthermore neither ®(z) nor ®(y) belongs to that
part of R% lying between Lo and Lg,,. We may assume that ®(z) is inside Lq.
Similarly, we have two cases to consider: (i) ®(y) is inside Lo; (ii) ®(y) is outside
L3,
First we assume that y’ is outside Ls,,. The proof of (i) of Lemma 2.1 implies
that max PY(Q) < cn™. By Lemma 2.2,

1= [ sty ([, cen i) o
< [ G ciipQ) dr

< CIRIPx - Q| max PY(Q)
< Ci"|QUIRI(Pq + P),

and
=] e Ko St
| oty o

K@,y y
< m ’ 12 ) \IJ/ 1\ |2 / / N_"\1>J
< Cn . G(x,r)—K(xljy,ﬂ (r")|2dr . G(x,q)K(x,w,)

K(r,y) / K(q,y)
<on™ | G, dr | G(z, d
= /R (= T)K(w,y) " 0 (= q)K(%y) 1
<Cn™-|Q||R|Pq - Pr
< Ce " @R|Q||R|(Pg + Pr).
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The first inequality comes from Lemma 2.6 and the third from Lemma 2.2. There-
fore, by (1.1),
(cov(Tg, Tr)| < Ce= @R Q||R|(Pg + Pr).

Next we assume y’ is inside Lg. The proof of this case is the same as that
of Theorem 1.2 and the only difference is that in the two-dimensional case the
constants are absolute.
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